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Abstract 

We study the holographic entanglement entropy for singular surfaces in theories described 
holographically by hyperscaling violating backgrounds. We consider singular surfaces consist¬ 
ing of cones or creases in diverse dimensions. The structure of UV divergences of entanglement 
entropy exhibits new logarithmic terms whose coefficients, being cut-off independent, could 
be used to dehne new central charges in the nearly smooth limit. We also show that there is 
a relation between these central charges and the one appearing in the two-point function of 
the energy-momentum tensor. Finally we examine how this relation is affected by considering 
higher-curvature terms in the gravitational action. 



1 Introduction 


It is well known that the central charge of a two dimensional conformal held theory is an important 
quantity characterizing its behaviour: it is ubiquitous in many expressions such as the central 
extension of Virasoro algebra, the two point function of energy-momentum tensor, in the Weyl 
anomaly and is the coefficient of the logarithmically divergent term in the entanglement entropy . 
It also appears in the expression of Cardy’s formula for the entropy. Actually the corresponding 
central charge may be thought of as a measure of the number of degrees of freedom of the theory. 
Moreover Zamolodchikov’s c-theorem in two dimensions indicates that in any renormalization 
group how connecting two hxed points, the central charge decreases along the how, thus indicating 
that IR hxed points are characterized by fewer degrees of freedom. 

In higher dimensional conformal held theories the situation is completely diherent. First of all 
the conformal group in higher dimensions does not have a central extension and thus it is hnite 
dimensional. Moreover the parameter which appears in the two point function of the energy- 
momentum tensor is not generally related to the one multiplying the Euler density in the Weyl 
anomaly in even dimensional conformal held theorie^ nor is directly related to the cut-oh inde¬ 
pendent terms of the entanglement entropy computed for a smooth entangling region. 

Indeed if one computes entanglement entropy for a given smooth entangling region in a d -|- 1 
dimensional conformal held theory, one hnds 


Se= I] 


A. 


2i 


i=0 


d-2i-l 


1 H 

+ S 2 ii]+i,d ^ 2 [f] log 7 + finite terms. 


( 1 . 1 ) 


where £ is a UV cut oh, Aj’s are some constant parameters (in particular Aq is proportional to the 
area of the enclosed entangling region) and [x] denotes the integer part of x. id is a typical scale 
in the model which could be the size of entangling region. For an even dimensional held theory 
(odd d in our notation) the coefficient of the logarithmic term, ^ 2 ^^], is a universal constant in the 
sense that it is independent of the UV cut oh: in other words it is hxed by the intrinsic properties 
of the theory. Two dimensional CFTs fall in this case since the central charge is indeed a universal 
quantity. 

In general for an even dimensional conformal held theory it can be shown that the coefficient 
of the universal logarithmic term is given in terms of the Weyl anomaly (see for example |6]-[^). 
In particular, when the entangling region is a sphere the coefficient is exactly the same as the one 
multiplying the Euler density. For odd dimensional spacetimes (even d) one still has a universal 
constant term which might provide a generalization of the c-theorem for odd dimensional conformal 
held theories |^[I0]. 

^ It was conjectured that, in four dimensional space-times, the coefficient that multiplies the Euler density 
always decreases along RG flow and may naturally dehne an a-theorem in four dimensions. This conjecture has 
been proved in [^. 
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Having said this, it is natural to pose the question whether one could hnd further logarithmic 
divergences in the expression of the entanglement entropy whose coefficients, being universal in the 
sense specihed above, could reflect certain intrinsic properties of the theory under consideration. 
Moreover, if there is such a universal term, it would be interesting to understand if any relation 
between it and other charges of the theory is present. Indeed these questions, for some particular 
cases, have been addressed in the literature (see for example [M-13 ). In particular, it was shown 
that there is also a logarithmic term in three dimensions for sets of entangling regions with non¬ 


smooth boundary. In 14 it was shown numerically that the same logarithmic term arises for hnite- 


sized entagling regions. More precisely, for an entangling region with a cusp in three dimensions 


one has 11-13 


S = Si — + a{ip) loge Sq 


( 1 , 2 ) 


where the cusp is specihed by an angle dehned such that ip = 7i/2 corresponds to a smooth line. 
Here L is the length of the boundary of the entangling region and Si is a constant which depends 
on the UV cut off, while a{(p) and So are universal parameters. 

More recently based on early results 


11 


13 


it was shown that “the ratio where Ct is the 


central charge in the stress-energy tensor correlator, is an almost universal quantity” 15, 16] (see 
also (^). Indeed it was conjectured in those works that in a generic three dimensional conformal 
held theory there is a universal ratio [l^ 


a 

Cx 


TT 


(1,3) 


where a is dehned through the asymptotic behaviour of a((p), i.e. a{ip —>■ 7r/2) ^ a {ip — vr/2)^. 

The aim of the present paper is to extend the above consideration to higher dimensional held 
theorie^ Nonetheless, we will consider cases where the dual held theory does not even have con¬ 
formal symmetry. More precisely in this paper we shall explore diherent logarithmic divergences 
for the entanglement entropy of strongly coupled held theories whose gravitational dual are pro¬ 


vided by geometries with a hyperscaling violating factor 18,19 . The corresponding geometry in 
d + 2 dimensions is given by (see Appendix 


= r ( — 7 ^ 22^^2 _|_ ^2 ^ ^^2 _|_ 




(1.4) 


2 = 1 


where the constants z and 6 are dynamical and hyperscaling violation exponents, respectively. This 
is the most general geometry which is spatially homogeneous and covariant under the following 


2 Holographic entanglement entropy for certain singular surfaces in various dimensions has been studied in 
13 where it was shown that some specific non-smooth entangling regions exhibit new divergences that include 


logarithmic ones (see Tablel there). 
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scale transformations 


t —)■ A^t, r —)■ A ^r, Xi ^ Axj, (isd +2 Xddsd+ 2 - 


(1.5) 


Note that with a non-zero 6, the line element is not invariant nnder rescalings which in the context 
of AdS/CFT correspondence indicates violations of hyperscaling in the dnal held theory. More 
precisely, while in ((i-l-l)-dimensional theories withont hyperscaling violating exponent the entropy 
scales as with temperatnre, in the present case, where the metric has a non-zero 6, the entropy 
scales as 


19 


20 


Holographic entanglement entropy 22,23 for hyperscaling violating geometries has been stnd- 


ied in e.g. 21,24,25 . An interesting featnre of metric (1.4) is that for the special valne of the 


hyperscaling violating exponent 6 = d — 1, the holographic entanglement entropy shows a log¬ 


arithmic violation of the area law 20l 24 , indicating that the backgronnd (1.4) conld provide a 


gravitational dnal for a theory with an 0{N‘^) Fermi snrface, where N is the nnmber of degrees of 
freedom. Time-dependent behavionr of holographic entanglement entropy in Vaidya-hyperscaling 


violating metrics has also been stndied in 26,27 


In this paper we will stndy holographic entanglement entropy in the backgronnd (1.4) for an 


entangling region with the form of c„ x where c„ is an n dimensional cone. We will see 

that holographic compntations indicate the presence of new divergences which conld inclnde both 
log and log^ terms. Snch terms conld provide a new nniversal charge for the model. Unlike 
the Weyl anomaly, this charge can be dehned in both even and odd dimensional theories. We 
also note that there is another qnantity, dehned in arbitrary dimensions, which is the coefficient 


entering in the expression of stress-energy tensor two point fnnction. Following the ideas in 15 


we 


investigate whether there is a relation between these two charges. We farther show that there is a 
relation between them that remains nnchanged even when we add corrections dne to the presence 
of (certain) higher cnrvatnre terms. Therefore it is reasonable to conjectnre that the relation 
between these two charges is an intrinsic property of the nnderling theory. It is worth mentioning 
that althongh we will mainly consider a theory with hyperscaling violation, when it comes to the 
comparison of charges we will restrict onrselves to 6* = 0, thongh making a comment on generic 9. 

The paper is organized as follows. In the next Section we will stndy entanglement entropy of 
an entangling region consisting of an n-dimensional cone. In Section 3 we will compare the resnlts 
with that of smooth entangling region where we will see that the corresponding entanglement 
entropy for the singnlar snrfaces exhibit new divergent terms which inclnde certain logarithmic 
terms. In Section 4, from the coefficient of logarithmic divergent terms, we will introdnce a new 
charge for the theory which conld be compared with other central charges in the model. The last 
section is devoted to conclnsions. 
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2 Entanglement entropy for a higher dimensional cone 


In this section we shall study holographic entanglement entropy on a singular region consisting of 
an n dimensional cone c„. To proceed it is convenient to use the following parametrization for the 
metric in d + 2 dimensions 


dS = —TT 




-2(1-1) 


( 2 , 1 ) 


Here L is the radius of curvature of the spacetime and vp is a dynamical scale. Indeed the above 
metric could provide a gravitational dual for a strongly coupled held theory with hyperscaling 
violation below the dynamical scale rp [^ . 

The entangling region, which we choose to be c„ x i.e. an n-cone extended in d — n — 2 

transverse dimensions, may be parametrized in the following way 


t = hxed 0 < < n . 


( 2 . 2 ) 


When n = 0 the entangling region, which we call a crease, will be delimited by —hi < (p < hi. 


Following 22,23 , in order to compute holographic entanglement entropy one needs to minimize 


the area of a co-dimension two hypersurface in the bulk geometry (2.1) whose boundary coincides 


with the boundary of the entangling region. Given the symmetry of both the background metric 
and of the shape of the entangling region, we can safely assume that the corresponding co-dimension 
two hypersurface can be described as a function r{p,(p) and therefore the induced metric on the 
hypersurface is 


ds^ = ^ 


L 2 ('x -|- r'‘^')dp^ -I- -I- P)dip^ + 2r'rdpd(p + p^ sin^ p dVtl^ + dx^^_^_r 


- 2 ( 1 - 1 ) 


(2.3) 


where r' = dpV and r = d^r. By computing the volume element associated to this induced metric 
we are able to compute the area of the surface, and thus the holographic entanglement entropy, as 
follows 

^nhrf 2-n-h' 


A = e. 




(2.4) 


where Vd-n -2 is the regularized volume of space and Gn is the volume of the n—sphere, 

S'”. We introduced e„ = 1 -|- d„o to make sure that for n = 0 there is a factor of 2, as for n = 0 the 
integral over p still span from 0 to G. 

Treating the above area functional as an action for a two dimensional dynamical system, we 
just need to solve the equations of motion coming from the variation of the action to hnd the prohle 
r(p, p). Note, however, that since the entangling region is invariant under rescaling of coordinates. 
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dimensional analysis allows to further constrain the solution to take the form 


’■(p.tJ) ^phiv) 


(2.5) 


SO that h{Q) = 0 and, given radial symmetry of the background and of the entangling region, 


h'{0) = 0. To hnd the area one should then compute the on-shell integral (2.4). However, given 
that the integral is UV-divergent, we have to restrict the integration over the portion of surface 
r > e, and eventually perform the limit £ —?• 0 only after a regularization. In this regard, the 
domain over which the integration has to be carried out becomes 


Ee ^ {p e [£//io, J/] and G [0,/i ^(a/p)]} 


( 2 , 6 ) 


where Hq = h{0) and if S> £ is an arbitrarily big cutoff for the length of the sides of the singular 
surfaces. Moreover from the positivity of r it follows h~^{ep) < VL. 

To solve the equation of motion derived from the action (|2.4) it is more convenient to consider 


If as a. function of f, i.e. f = f{h). In this notation, setting r = pf, the area (2.4) reads 

VtnVa-n-2L'^ 


A = e. 


dp 


I rtdg—n—l I 
'e/ho P Je/p 


ho ._ 


llde 


(2.7) 


where dg = d — 6. The equation of motion for (f{h) is then 

1 


nh ( (p'^ -|- 


l + f2 


cot f + f' 


[{h? + l)de- h?) + de 


2h^ 


(f2 + 1) 


■f(p" = 0, (2.8) 


For n = 0 this equation, and the expression for the area (2.4), simplify signihcantly, and become 


equivalent to the equation and area functional hrst studied e.g. in 12 . Indeed in this case the 
corresponding singular surface is a pure crease k x 


Since (2.8) is invariant under h —)■ —h we have that <p(f) is an even function. Therefore, if we 


want to understand the behaviour of the solution near the boundary, we can Taylor expand <p(f) 
as follows 


+ 00 


■p(/i) = ^ ■P2i h'“, 


(2,9) 


j=0 


so that, by substituting it in (2.8), the solution can be found order by order by hxing the coefficients 


f 2 i- Indeed for the hrst three orders one hnds 


2 {dg — l)(p 2 + n cot H ) h 


( 2 . 10 ) 


Sfldg + ncot H (4(p2 — <P 2 cot H — l) — (p 2 (n -|- 4) 4:(f4^{dg — 3) 
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+ 


— n ( 4(^92 — (p 2 + 954 ) cot^ + (pl{ 8 d 0 — An — 8 ) + A 8 de<^\<^i + n {ip\ + lQip 2 ‘^i + l) cot 


+n^p2 cot'^ f2 + (n + 4)(^2 — {n + 8)(^4 + Q{dg — 5)996 


+ ■■■ = {). 


It is clear from this expression that for dg = 2k + 1 with A; = 0,1, • • •, the coefficient (f 2 k +2 cannot 
be hxed by this Taylor series. In fact when dg is an odd number one has to modify the expansion 
by allowing for a non-analytic logarithmic term, as in More precisely for generic dg one has 


[—]-i 

^(h) = ^ 992 * + 1^21^]+!,dg ( 2 - 11 ) 

i=0 ^ \ ^ ’ / 


where we denote with [y] the integer part of y. With this Taylor expansion the equation of 
motion can be solved up to order which is enough to £x all ip 2 i for i = 1, • ■ ■ , [^■]. Note 

the constant c in the above expansion remains undetermined. The explicit expression for the 
coefficients 992 * for the few first terms is presented in the Appendix 

Since the solution is regular at the boundary, we can expand in the same manner the integrand 


of the area functional (2.7) around h = 0 


sm 99 


^ 2 * 


" 2 [f] 


■\/l + (l + h^W^- = Y, + finite terms, 


( 2 . 12 ) 


i=0 


where the coefficients 02 * can be expressed in terms of 992 *. The explicit expression of the coefficients 
02 * for few hrst terms are presented in Appendix 

To regularize the area functional one may add and subtract the singular terms to make the 


integration over h hnite. Denoting the regular part of the integrand by Areg the equation (2.7) 
reads 


A = e. 


where 




dp 


e/ho P 


9—n—1 


/•ho /•ho 

I dh -Aj-eg "1“ / dh 

Iq J £/p 


( [^ 1-1 

E 

*=o 


02 * , ® 2 [^] 




+ 


}^dg-2i ' '^2[f] + l,dB 


/ 




/iifi-i 


^reg 


h<ie 


V 


E 

*=o 


^ 2 * 


llde- 2 i 


T + 


*^ 2[^1 




h 2[-^]+l,d5i 


(2.13) 


(2.14) 


/ 


It is then straightforward to perform the integration over h for the last term. Doing so, one arrives 
at 


. klnVd-n-2L^ A f"" ^P . ^nVd-n-2L‘^ f"" A A r ^ 

A = en -^-Ao / + e**--/ dpAi(p), 


e/ho P 


(2.15) 


'e/ho 
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where 


[^]-i 


Ao - 


— (^2i 


cho 


^ (de-2i-l)V 

^1-1 


-2i-l + ®2[^]'^2[^]+l,de ho + dh Areg , 

V 0 

log! 


n—2i 


■^'0) ^ _2j-l)£<l,-2i-l +“2|il'^2[4l|+lAj,<i,-„-l ■ 


(2.16) 


In order to evaluate the last integral in the equation (2.15) special care is needed. Indeed if n is 


an odd number then one may get a logarithmically divergent term from integration over p when 
i = [|] + 1, which may happen only if [|] < [^1 — 2, which can happen only for do > 4. Therefore 
it is useful to rewrite Ai{p) as follows 


Mp)= E 


3 -<ie+ 2 [t] a,d^, log ! 


P" . a2[t]+2 g' -- -2r4] . 

(de - 2* - 1) + '^2[f]+l,n _ 2^11 _ 3 )^ + ^2['^]+14o pde-n-1 ’ I ' 0 


where the prime in the summation indicates that when n is an odd number the term at position 
i = [|] + 1 should be excluded from the sum. With this notation and for do — n ^ 2 one finds 


i-H 


's/ho 


[^1-1/ 


dpAi{p)= Y 


<^2i 


i=0 


{n — 2i + l){do — 2i — 1) ^ ^dg n 2 


Hn-2i+l 


(2.18) 


® 2 [^]'^ 2 [^]+i,de / 1 + (de - n - 2 ) log (f ) 1 - (d^ - n - 2 ) log ho 


{do-n- 2)2 


+d 


« 2 [ f ]+2 


JJde-n-2 

log^ 


{e / hoYo-'^-'^ 


2[t]+l--(d,_2[f] -3) £'ie-2[t]-3 


Moreover from the first term in (|2.15) and for do — n Y one gets 

1 




dp 


hd,-n-l 


(2.19) 


de-n-2 \e‘^s-n-2 pjdg-n -2 j ■ 

Altogether the divergent terms of the holographic entanglement entropy for d^ 7 ^ n + 2 are obtained 


5 = e, 


^nVd-n-2L^ 




_02*_ / d2[|]+l,na2[|]+2 log^ 

^ (n — 2z + l)(d 6 ) — 2i — 1) \£‘^e“2i-l ^de-n-2 j _ 2[|] — 3) £dg-2[^]-3 


i=0 


bog(f) 

1- {do-n- 2) log ho \ 

\ffdg-n-2 

{do-n- 2){e/hoY‘>~'^~‘^J 


+finite terms.( 2 . 20 ) 


From this general expression we observe that the holographic entanglement entropy for a singular 
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surface shaped as c„ x contains many divergent terms including, when de is an odd numbeij^ 

a logarithmically divergent term whose coefficient is universal, in the sense that it is e independent. 
This is the same behaviour for a generic entangling region where in even dimensional CFTs the 
entanglement entropy contains always a logarithmically divergent term. 

On the other hand when de = n+ 2 the holographic entanglement entropy gets new logarithmic 


divergences. Indeed in this case the last two terms in (2.20) get modified, leading to 


5 = e, 


‘ AGr'j, 




^ hg—%]+l,na2[t]+2 log^ 
{n — 2i + l){d0 — 2i — 1) ^£<^0-24-1 ^de-n-2 J _ 2[|] _ 3) ^rfe- 2 [f ]-3 


+^o log 


Hh 


0 ^ ^2[^] 


2[^]+l,<i0 


log^ I f 


+finite terms. 


( 2 . 21 ) 


It is easy to see that for 0 = 0 these results reduce to that in 13 
odd d (even dimension in the notation of 


In particular for 9 = 0 and 
where d = n + 2 one finds a new log^ H/e divergent 
term. Comparing with the table 1 in 13 this divergent term appears in background space-times 


13 


and with cones ci and C 3 respectively. For both cases we have d = n -|- 2. 

It is, however, interesting to note that in the present case the condition to get squared logarith¬ 
mic terms is = n -|- 2 (for dg > 2 ) which allows us to have this divergent term in any dimension 
if the hyperscaling violating exponent, 6, is chosen properly. 


3 New divergences and Universal terms 


In the previous section we have studied possible divergent terms which could appear in the expres¬ 
sion for the area of minimal surfaces ending on singular boundary regions. However, we should 
be able to distinguish which new logarithmic divergences arise because of the singular shape of 
the entangling region and which arise because of the choice of a non trivial hyperscaling violating 
exponent 6. To this purpose and to isolate the universal terms coming from the choice of the shape 
and not of the background, we study, in this section, the behaviour of the divergences in the HEE 
for a smooth region, and compare with the results of the previous section. 

To find the divergent terms for a smooth surface, following our notation, we will parametrize 
the metric as follows 


ds^ = —5- 


-^ 2(1 z )^^2 _|_ ^^2 _|_ ^p 2 _|_ p 2 j '^^2 _|_ gjj ^2 


-I- ddP‘ 


d—n—2 


2^ 


^2(1-!) 


(3.1) 


We would like to compute the holographic entanglement entropy for a smooth entangling region 

^It is worth noting that although the dimension d is an integer number, the hyperscaling violating exponent, 9, 
does not need to be an integer number. Therefore the effective dimension, dg^ generally, may not be an integer. For 
non-integer dg we do not get any universal terms. 

















given by 


t = fixed p < H, 


(3.2) 


with this condition it is clear that the entangling region consists of the direct product between a 
ball and an infinite hyperplane, namely S” x To compute the entanglement entropy again 

we should essentially minimize the area which in our case is given by 


A 


^nVd—n—2L 


d /•-«■ 


-smooth — 


dp sin"' p dr 


P 


n+1 


v^i + 


p‘ 






(3.3) 


Using this expression and following the procedure we have explored in the previous section one can 
find the divergent terms of holographic entanglement entropy for the smooth entangling surface 


(3.2) as follows 


‘S'smooth 


Afr (^) 






E 


J2i 




i=0 


do- 2 i-l ede- 2 i+i 2[^] 2 [ 4 ]+i,de ^ e 


4Gr^r (f + 1) 

where 621 ’s are coefficients appearing in the expansion of the area 


, H 

log- 


/ 


+finite terms. 
(3.4) 


P 


n+1 


"v/i + 


P 




''do 


[^1-1 

E 

i=0 


J2i 




+ 5, 


2ff] 


y,dg-2i ' "2['f] + l,dg ^ 


(3.5) 


which can be found from the equation of motion deduced from (3.3). In particular the coefficient 
of the universal term for different (odd) dg is found to be 


dg = l ■. h = 

de = 3 = (3.6) 

O 


Setting n = d — 2 in the above expressions we find the universal term of the holographic entangle¬ 
ment entropy for a sphere. 

We can make another choice of a smooth entangling region, that is an infinite strip (i.e. the product 
between an interval and an hyperplane). Denoting the width of the strip by i, the corresponding 
entanglement entropy for dg ^ 1 is [^[25] 






smooth — 


A{dg - l)Grp^^ 


2 

gdg-l 



(3.7) 
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while for dg = 1 one has 


_ i 

™“‘“^2Gr|,-‘ Sf' 


(3,8) 


It is worth noting that when dg = 1 the leading divergent term is logarithmic, indicating that the 


dnal strongly conpled field theory exhibits a Fermi surface 20,24 


Comparing these expressions with equations (2.20) and (2.21) one observes that beside the 


standard divergences, there are new divergent terms due to singular structure of the entangling 
region. In particular there are either new log or log^ terms, whose coefficients are universal in 
the sense that they are independent of the UV cut off. To proceed note that for dg ^ n + 2 the 


universal term should be read from equation (2.20), that is 




log (7 I ■ 


(3,9) 


^2[^]+l,de ^dg - n - 2) 4 G 
which is non-zero for odd dg. On the other hand for dg = n + 2 the universal term can be found 


from (2.21) to be 




^nVd-n-2L‘^ 
‘ 4G 4 


' Hho ®2[^] 12/- 

Ao log — -f — log ( - 


£ 


(3.10) 


Observe that in this case for any (integer) dg the first term is always present though the log^ term 


appears just for odd dg. As already noted in 13 , it is important to note that when dg is odd the 
universal term is given by log^ and the term linear in log£ is not universal any more. 

Using these results one may define the coefficient of the logarithmic term, normalized to the 
volume of the entangling region, as follows 


for dg odd, and dg ^ n -\- 2, 

for dg odd, and dg = n + 2, 

for dg even, and dg = n + 2, (3-11) 


^EE _ 

^singular 


CO 


— n — 

^EE _ 

^singular 


®2[^] 

n 

2 ’ 

^EE _ 

^singular 

"" 4G 

Ao, 


2)G 


where the explicit form of Aq and a .dg, are given in the previous section and in the Appendix 
B. The factor of 3 in the above expressions is due to our normalization, which has been fixed by 
comparing with the entanglement entropy of 2D CFT written as | \og^/e. 

Although the general form of the coefficients of the universal terms are given in the equation 


(3.11) it is illustrative to present their explicit forms for particular values of n and dg. 
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3.1 de = 1 

As we have seen the holographic entanglement entropy for a hyperscaling violating metric exhibits 
a log term divergence for de = 1 even for a smooth surface. This may be understood from the fact 


that the underlying dual theory may have a Fermi surface 20 ,^. For 0 = 0 (that is d = 1) we 
indeed recover the logarithmic term of 2D conformal held theories [^. When d 7 ^ 0 the physics is 
essentially controlled by the effective dimension dg = d — 9. Therefore even for higher dimensions 
d > 2 with a proper 9 such that de = 1 the holographic entanglement entropy always exhibit a 
leading logarithmically divergent term. 

In this case for an entangling region with a singularity, which clearly is meaningful only for 
d > 2 , using the explicit expression for oq one gets 


^EE _ 

'^singular 


?>L^ sin"D 


4G n + 1’ 


while for a smooth surface one has 


a 


EE 

smooth 


- 




(3.12) 


(3.13) 


Note that for n = 0 both charges become the same. Note that for n > 1 the coefficient of universal 
term is smaller than the one of the strip by a factor of and it vanishes in the limit 

of D —)■ 0 . 


3.2 de = 2 

For de = 2 being an even number, the holographic entanglement entropy has a universal logarithmic 

3L^ 


term only for n = 0 which is 


^EE 

^singular 


^ 0 , 


where 


»/io 


^0 — -J- 
hn 


dh 


2G 

yi + (1 + 

h? 


(3.14) 


(3.15) 


Actually since the expressions we have found are independent of 9 one may use the results of 
d = 2, d = 0 to compute the above universal term. Indeed in this case one has (see for example 

lillilliH) 


^EE 

^singular 


r(|p 

2 -kG n 


D ^ 0 , 


(3.16) 


11 













3.3 d0 = 3 


In this case when n ^ 1 the holographic entanglement entropy has a log term whose coefficient 
may be treated as a universal factor given by 




EE 


3n^L^ 


cos^ n 


singular 32(- (1 _ n) siu^-' 


(3.17) 


On the other hand for n = 1 the universal term should be read from the log^ term with the 
coefficient 


O', 


EE 


3L^ cos^ O 


^singular 32^ 2 siu O ‘ 

which in the limit of planar and zero angle behaves as 


(3.18) 


^EE 

^singular 


3n'^L‘^ 1 

32G (l-n)02-n 

32G 1-n 


0^0, 
-1 I ■ 


(3.19) 


Note that for n = 1 the factor of 1 — n in the denominator should be replaced by 2. It is worth 
noting that for n = 0 the universal charge is zero identically. Therefore for a singular surface 
containing a crease there is not a universal term. 


3.4 de = 4: 


In this case we get only for n 
that is 


2 a universal term, which should be read from the equation (3.10), 


^EE 

'^singular 


31^^ 

Jg 


An 


(3.20) 


where 


sin^ n 4 cos^ n „ ( sin^ ^Pa/I + (1 + sin^ hi 4cos^r2\ , , 

= ^- 9 —- 9 —j- 


Since we have n = 2 this result is valid for d > 4. 

The computation of Aq cannot be performed analytically, since we are not able to find a closed 
expression for the prohle h{(p), however it can still be found numerically. 

We solved the equation of motion for ip and found it as a function of ho, thus founding the 
dependence of hi on hg. Then we computed the area and by shooting the solution we were able to 
hnd Ao as a function of the opening angle hi. The results are shown in Fig. [1} One observes that 
qualitatively Ao diverges at O = 0 while vanishes at 7r/2. To make this statement more precise we 
have numerically studied asymptotic behaviours of the function Ao for O —)■ 0 and O —| limits 
as shown in Fig|^ The results may be summarized as follows 
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ho O 


Figure 1: f2 as a function of hg (left) and Ag as a function of (right). It shows that the function 
Ag diverges at = 0 while vanishes at = |. 



Figure 2: Asymptotic behaviours of Aq at —?■ 0 (left) and —)• |(right). In these plots the 
dashed lines correspond to test functions to probe the limiting value of Ag. The corresponding 
functions are given hj y = —x — 2.15 (left) and y = 2x — 2.01 (right), in agreement with equation 

(Ip2|. 


^EE 

'^singular 


3L‘^ 0.116 

4G n ’ 

1.683 /tt _ 

4G 47r V2 “I ’ 


fl ^ 0, 
-)■ l. 


3.5 d0 = b 

In this case and when n 7 ^ 3 we get 


^EE 

^singular 


3'ndL'^ {7rd 


64) cos(2f2) + n{7n — 32) + 64 cos^fl 
4096(3 - n) sin^-^Q 


while for n = 3 

3L'^ 9(31 — cos 2f2) cos^ Q 

singular = ^ ^ sin ' 


(3.22) 


(3.23) 


(3.24) 
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Therefore the corresponding nniversal term has the following asymptotic behavionrs 


^EE 

'^singular 


Sn^L'^ 2n(7n-16) 1 O _k f) 

4G 4096(3-n) , ii ^ U, 

32(4-n) ( tt n\2 0^31 

4G 4096(3-n) V2 ’ ““^2’ 


(3.25) 


with an obvions replacement for n = 3. 


It is also straightforward to farther consider higher dg. The lesson we learn from these explicit 
examples is that for a singular surface of the form x and for dg >2 the coefficient of the 


universal term given in the equation (3.11) has the following generic asymptotic behaviour 


^EE 

'^singular 



3L‘^ 


4G ’ 


Ji -»0, 


(3.26) 


We see that for a generic opening angle 11, we can infer the following expression for the coefficient 
of the universal term 


C's^gular = fdeA^) 


3L^ cos^H 
4G sin'^^-'^-^H’ 


(3.27) 


where fd^A^) ^ function of H which is fixed for given dg and n by requiring it to be finite at 
H = 0 and H = |. 


4 New charge 


In the previous section we showed that the area of minimal surfaces ending on singular entangling 
regions may present logarithmic divergences for specific choices of the extension of the singularity, 
the dimensionality of the space time and the value of 9. The coefficients of these divergent terms 
depend on the opening angle of the region, and we were able to compute their value in the nearly 
smooth limit. 


Based on these results and using the general expression given in the equation (3.11) for dg > 2 
one may define a new charge as follows 


/^E 


EE 

singular 


O-s-f COS^H 


(4.1) 


Note that this is a well defined limit, leading to a finite quantity which is proportional to ^ up 
to a numerical factor of order of one. Note also that as soon as we hxed dg the resulting charge is 
independent of 6, and may be defined in any dimension by setting n = dg — 2. 

As we have already mentioned there is another central charge which could be defined in any 
dimension: the coefficient of the < TT > two point function of the stress-energy tensor, which 


14 











we denote by Ct- Following the idea of 15,16 


we can 


compare these two charge^ Unlike 
two dimensional CFT where Ct is the same as the one appearing in the central extension of the 
Virasoro algebra, in higher dimensions it should be read from the explicit expression of the two 
point function. Indeed, in the present context, the corresponding two point function may be found 
from the quadratic on-shell action of the perturbation of the metric above a vacuum solution using 


holographic renormalization techniques 29 


We note, however, that since we do not have a well dehned asymptotic behaviour of metric 


(A.4) in the sense of Fefferman-Graham expansion, in general it is not an easy task to compute the 


stress-energy tensor’s two point function for spacetimes with generic 6 and z. Nevertheless setting 
z = 1, where one recovers the Lorentz invariance, we can still use the holographic renormalization 
procedure to hnd (see Appendix 


Ct — 


d -\- 2 ^{de + 2) 


SttG 


d 71 2 T 


(4.2) 


Note that for z = 1, from the null energy condition one gets 9{d — 9) <0 which has only a partial 
overlap with the parameter space of the model we are considering at 9 = 0. Therefore using the 
above expression we really should only compare it with the new central charge of the model for 
9 = 0. 


Since however the new charge dehned in (4.1) for given dg is independent of 9, the comparison still 


makes sense. In particular for dg = 2,3 and dg = 4, respectively, one hnd^ 


Ct 2{d + 2 ) 


Ct 


, d+3 

d TT 2 


r(¥) 


64(d + 2) 


^2 

¥ = 1 - 683 - 
Ct 


d 71 2 I 


¥) 


80(d + 2) 


(4.3) 


For z ^ 1, Ct depends explicitly on 2; and thus the above ratio will be 2; dependent, even though 


C2 will not. 


Since both central charges considered above are proportional to it is evident that their ratio 


is a purely numerical constant. In 16 it was conjectured that for three dimensional CFTs this 


ratio could be completely universal, regardless of the strength of the coupling so to hold in both 
known statistical models and in QFTs with gravity duals. It is thus interesting to understand 
whether this ratio, which could characterize whatsoever CFT of hxed dimensionality, is still uni¬ 
versal even in the higher dimensional cases we are considering. 

The easiest step we can make in this direction is to look at gravity theories with higher curvature 


terms in the action, and see whether the corrections alter the ratio (4.3) 


“^Note that in even dimensions one may have another central charge, the coefficient of Euler density arising in 
the computations of the Weyl anomaly. It also appears as the universal term in the expression of entanglement 
entropy for a sphere. 


®Due to our normalization of Cg tor dg = d = 2 there is factor t mismatch with the result of 16 . 
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To proceed let us consider an action containing the most general curvature squared corrections 
as follows 


I = 




IdvrG 


(^R + V{ct>) + + X^R^.p.R^''^^^ H“ -^matter (4.4) 


where /matter is a proper matter action to make sure that the model admits hyperscaling violating 
geometry. It is then straightforward, although lengthy, to compute holographic entanglement 
entropy for this modej^ Indeed following 31 , the holographic entanglement entropy may be 


obtained by minimizing the following entropy functional 




1 + 2Aii? + A 2 ( RnuTi^nX 


-r/C, )+2A3(/2, 


U U P o 
pupanin^n'-Uj 




, (4.5) 


where with i = 1,2 we denote the two transverse directions to a co-dimension two hypersurface in 
the bulk, nf are two mutually orthogonal unit vectors to the hypersurface and are the traces 
of two extrinsic curvature tensors dehned by 



= TT 




Ri)c 


with 71^^ = ^ {niy{ni)p , 

i=l,2 


(4.6) 


where (^ = — 1 for space-like and = 1 for time-like vectors. Moreover 7 is the induced metric on 
the hypersurface whose coordinates are denoted by (. 

Although so far we have been considering a theory with hyperscaling violation, as we have 
already mentioned the holographic renormalization for generic hyperscaling exponent has not been 
fully worked out and thus we have restricted ourselves to to consider backgrounds with z = 1. In 
this case the most interesting case allowed by the null energy condition is 6 ^ = 0. Therefore in what 
follows we just examine the relation between the two charges for 6 ^ = 0 in an arbitrary dimension. 

To compute higher curvature corrections to the entanglement entropy we note that in our case 
the normal vectors are given by (note that we set 6 = 0) 


rii = — 1 , 0 , 0 , 0 ■ ■ ■ 

r 


n2 = 


^ a/ 1 h((p)2 -K h'((p)2 


(^0,1, -h{ip), -ph'{ip), 0, • • ■ ^ . (4.7) 


It is then straightforward to extremize the functional (4.5) and evaluate it. In fact one only needs 
to expand the above entropy functional around h = 0 to hnd its divergences and read the universal 
coefficient of the logarithmic (or log^) term to hnd the corrections to the central charge C^- Doing 
so one arrives at 

= T Q , (4.8) 


^Holographic entanglement entropy for a strip entangling region in theories with hyperscaling violation in the 
presence of higher curvature terms has also been studied in 


30 
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where C is the corrected central charge and 

4(d-2)^ 2(d+l) 


T = 1 + 


-A.-i — 


(A 2 + (d + 2)Ai). 


(4,9) 


L2 L2 

Now one needs to compute the corresponding corrections to the central charge Ct- To do so one 


first needs to linearize the equations of motion deduced from the action (4.4) (see for example |^ ) 

1 


Rfiv — ^+ 2 Ai — -g^uR^ R + 2A2 ^Rfiaup 


- -^gpuRap R""^ 


+(2Ai + A2 + 2A3) — V^V u j R + (A2 + 4A3) □ ^Rpi, — -g^uR 

+2A3 (^R^aypR^^ + RpaprRZ^^ — ‘^RpaRu + '^ 9 pi^iR^ISpa + = 0 ( 4 - 10 ) 

Using the notation of Appendix A one can linearize the above equations around the vacuum 


solution given by (A.4) with 6 = 0. The result is 

d + 1 


T a«+(2Ai+A2+2A3) - ^9,.) ii“>+(A2+4A3) (^(Q + 

(4.11) 


where T is exactly the one given in equation (4.9), and 


(7(1) ^ ^(1) _ ^(1) I llLl/i 


(4.12) 


In the transverse-traceless gauge the above equation reads 


T + (A 2 + 4A3)(n + ^ 


n + ^ j hpi, — 0 


(4.13) 


which has to be solved in order to find the linearized solution. Since we are interested in the 
correlation function of the energy momentum tensor, we should still look for a solution of (□ -|- 
= 0. This equation is exactly the same one gets from purely Einstein gravity, and thus the 
linearized equation of motion reduces essentially to solving standard linearized Einstein equations. 
On the other hand, to evaluate the two point function one needs to hnd the quadratic action which 
has an effective Newton constant T/G. Indeed going through the computations of the two point 
function one finally finds that 

C^ = T Ct, (4.14) 


and thus we may conclude that 

/^n r^n 

Ct Ct' 

for arbitrary dimensions but with 6 = 0. 


(4.15) 
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Although we have examined the relation between the two central charges Ct and just for 
squared curvature modifications of Einstein gravity, based on our observations and the three¬ 


dimensional results of 16 , it is tempting to conjecture that the the central charge is directly 
related to Ct for a generic CFT. 


5 Conclusions 


In this paper we have studied the holographic entanglement entropy of an entangling region c„ x 
^d-n- 2 ^ i.e. an n-dimensional cone extended in d—n—2 transverse directions, for a d+1 dimensional 
theory in a hyperscaling violating background. We have observed that due to the presence of a 
corner in the entangling region the divergence structure of the entropy gets new terms. 

In particular for certain values of 6 , d and n the divergent terms include log or log-squared 
terms whose coefficients are universal, in the sense that they are independent of the UV cut off. 

Given that we have been able to extract new regularization independent quantities, it is tempt¬ 
ing to conjecture that some information can be obtained about the underlying dual held theory. 
This might be compared with the case of two dimensional conformal held theories where the cen¬ 
tral charge appears in the coefficient of the (leading) logarithmic divergence of the entanglement 
entropy for an interval. 

Motivated by this similarity we proceed by analogy and, denoting the coefficient of the loga¬ 
rithmic term appearing in the expression for the entanglement entropy by (see equation 


(3.11)), we hnd that for dg > 2 we can dehne a new ’’central charge” as follows 


^EE 

c,” = lim 

cos^ Si 


(5.1) 


which is proportional to L’^/G. As soon as the ehective dimension dg is hxed, the proportionality 
constant only depends on d and n, while it is independent of 9. Therefore it remains unchanged 
even if we set 6^ = 0, reducing the dual theory to a d -|- 1 dimensional conformal held theory. It 
is natural to expect that this central charge may provide a measure for the number of degrees of 
freedom of the theory. Note that, unlike the one obtained from Weyl anomaly, this central charge 
can be dehned for both even and odd dimensions when dg = n + 2. 

Another central charge which could be dehned in any dimension is the one entering in the 
expression for the stress-energy tensor’ two point function. We checked whether the ratio between 
these charges is a pure number and we also have computed corrections to both and Ct for 
theories with quadratic correction in the curvature. We have shown that the relation between 
these two charges remains unchanged. 

H^ 


Based on this observation and the results for three dimensional CFTs 15,16 


jecture that the relation between these two central charges ( Ct and C^) is a somehow intrinsic 
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property of the field theory. In fact this relation is reminiscent of the relation between Weyl 
anomaly of a conformal field theory in even dimension and the logarithmic term in the entangle¬ 
ment entropy of the corresponding theory. If there is, indeed, snch a relation one wonld expect to 
have a general proof for it independently of an explicit exampl^ j^. 


Acknowledgements 

We wonld like to thank A. Mollabashi, M. R. Mohammadi Mozaffar, A. Naseh, M. R. Tanhayi 
and E. Tonni for nsefnl discnssions. We also acknowledge the nse of M. Headrick’s excellent 
Mathematica package ’’diffgeo”. We wonld like to thank him for his generosity. This work was 
first presented in Strings 2015 and M. A. would like to thank the organizers of Strings 2015 for 
very warm hospitality. M. A. would also like to thank S. Trivedi for a discussion. P.F. would like 
to thank IPM for great hospitality during part of this project. This work is supported by Iran 
National Science Foundation (INSF). 


Appendix 


A Backgrounds with hyperscaling violating factor 


In this section we will review certain features of gravitational backgrounds with hyperscaling 
violating factor [^[^|^. In what follows we will follow the notation of 35 and consider a 
minimal dilaton-Einstein-Maxwell action, that is 


5 = 


1 


IOttG 


d 


d+2 


X 




i?__(a0)2 + V(0) 




(A.l) 


where, motivated by the typical exponential potentials of string theories, we will consider the 
following potential 

V = Voe'^^. (A.2) 

The equations of motion of the above action read 

R,. + = ld^4>d.4> + 

a = 0. (A.3) 

d<p A 

^ M. A. would like to thank S. Trivedi for a discussion on this point. 


19 









It is straightforward to find a solution to these equation, namely the black brane 


ds‘^ = — — 


25 


f{r)dtt^ dr"^ 

+ + dx^ 


jpJ \ r2(^-i) ' /(r 

Ftr = y/2(z-l)(d, + z)/«+^-\ 


d 1 


f{r) = 1 — m 

0 = \/2d0{z — 1 — 0/d) logr. (A.4) 


which solve (A.3) if we choose the parameters in the action to be 


1 / = 


{de + z){de + z - 1) frp^^ 

Z2 


A = -2 


9 ddg 


yj2dde{dz — d — 6)^ 


7 = 


29 


dyj2de{z — 1 — 9/d) 

(A.5) 

Here L is the radius of curvature of the spacetime and is a scale which can be interpreted as 
the gravitational dual of the Fermi radius of the theory living on the boundary. A charged black 
brane solution would need more gauge helds to support its charge, although in what follows we 
restrict ourselves to the neutral background. 

This geometry is a black brane background whose Hawking temperature is 


T = 


dg -\- Z 

dvr ’ 


(A.6) 


where rp is the horizon radius defined by firp) = 0. In terms of the Hawking temperature the 
thermal entropy can be computed to be 


At. = 


dvr 


dg Z 


“ J 

^ T d 


1 2 , 


4G 


(A.7) 


It is also interesting to evaluate the quadratic action for a small perturbation above the vacuum 


solution (A.4). This may be used to compute two point function of the energy momentum tensor. 


To proceed we will consider a perturbation over the vacuum in which we let vary only the metric 


9g,u T (f) 0, 


Af, = A^. 


(A.8) 


where the “bar” quantities represent the vacuum solution (A.4). It is then straightforward to 
linearize the equations of motion, leading to 

^ V = 0, = O. (A.9) 
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Here the linearized Ricci tensor is given by 

+ + (A.io) 

= 2 ~ ^uh + ^ah^ + ah^ + Rauh^ + Ra^ih'^ ~ ‘^RXfiauh^'^) ■ 

Moreover for the Ricci scalar one gets 

rW = g^^-RW - R^^h^- = -v^h + - R^uh^r (A. 11) 


In order to solve the eqnations of motion one needs to properly £x the gange freedom. In onr case 
it tnrns ont to be nsefnl to choose a covariant gange = \Vph, which however still does not 

£x all redundant degrees of freedom. Indeed, we £x the remaining ones by setting hri = h = 0 and 
thus = 0 so that we reduce to a transverse and traceless gauge. It is easy to see, with this 

constraint and gauge choice, that the equation of motion of the scalar held at hrst order will be 
identically satisfied and one only needs to solve the Einstein equations, which, generally, reduce to 
further equation of motion for a scalar held. Indeed taking into account that 

R,.K = -^ (^(0) + V + Ik (A.12) 


and using the transverse-traceless gauge we arrive at 

V'V + V - = 0. (A.13) 


Using the parameters of the vacuum solution, one could in principle solve the above differential 
equations with given boundary condition. Then by making use of AdS/GET correspondence from 
the quadratic action one can compute the two point function of the energy momentum tensor for a 
strongly coupled held theory whose gravitational dual is provided by a geometry with hyperscaling 
violating factor using holographic renormalization. 


In general (A.13) cannot be solved analytically, and since for z 7^ 1 we do not have a good control 
on the asymptotic behaviour of the metric (in ananlogy with the Feherman-Graham expansion), 
it is hard to use holographic renormalization techniques (see however 36 for a related issue). 

On the other hand, setting z = 1, and thus recovering Lorentz symmetry in the bulk metric, 
we can rely on the holographic renormalization to compute the stress-energy tensor two point’s 
function, namely because the action reduces to a dilaton-Einstein model with a simpler equation 
of motion 




= 0 . 


(A. 14) 


It is however important to note that the null energy condition for z = 1 implies that 6{d — 6) < 0, 
that is either 6^ < 0 or 6^ > d. In all our computations we implicitly assumed dg > 1, playing dg 
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the role of the effective dimension, although a solution with 9 > d may not be consistent 

Moreover, for 6^ = 0 it is clear that all equations reduce to that of Einstein gravity. In particular 
one gets 


33 


h'fc(r,a;) = 


r( d + i) 

r(¥) 


d+1 

TT 2 


dy 


d+1 


+ {x — yy 


d-\-l 


Jl{x - y)Jj{x - y)Pijab hab{y), (A.15) 


where hab is the boundary value of metric and (see (M)) 


jnx) = s}-2^^^ 


X 


2 ) Pijab A dibdja) ^ ^ ^dijdab- 


(A.16) 


Since the quadratic on-shell action is a divergent quantity one needs to consider both boundary 
and counterterms in order to properly compute the two point function. In the present case for z = 1 
the terms of the renormalized action which could contribute to quadratic order perturbatively in 
the metric ar43 


S'total = S 




SttG 


(+)'!• 


(A.17) 


where S is the original action (A.l). To evaluate the quadratic action it is also useful to note 




(A.18) 


with 


d+1 / ^ \ 0 +^ 


1... 7 1 


(;;j + + + (a.w) 

By plugging the linearized solution back into the action one finds (see for more details) 


*5*tota,l — . 


1 L"* d + 2 T{d + 2) f ,d+i >d+i hab{x)Gabcd{x,y)hcd{y) 


AWnG d ;r2r(i±^) 




{x - i/)2('i+i) 


(A.20) 


where Gabcd{x,y) = J*(x — y)Jj{x — y)Pijcd- Having found the quadratic on-shell action the two 
point function of the energy momentum tensor can be found as follows 


{Tab{x)Tcd{y)) = 


G, 


X 


^)2(d+l) 


G abcdix 1 yY 


where 


Gt — 


L'^ d + 2 T{d + 2) 


SttG d 7r^r(i±^)’ 


(A.21) 


(A.22) 


®Note that we are using Euclidean signature for metric, (see for example 131^) 
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For z = 1 and 9^0 one can still find a solntion for the equation of motion and evaluate the 
quadratic action. In this case going through the all steps mentioned above, one arrives at 

d + 2 T(de + 2) , 

^ ~ 87iGrp‘^‘> d 

It is worth noting that the above expression may also be found from the fact that the equations 
of motion of metric perturbations in traceless-transverse gauge reduce to the equation of motion 
for a scalar held and therefore the corresponding two point function may be read from the one of 
a scalar held [^ . 

For z ^ 1, although it is not possible to hnd holographically the general form of the two point 
function of we may still have a chance to compute the equal time correlator. Although we 
have not gone through the details of this idea, but from the analogous results of the scalar held 
one might expect to get the following expression 


Ct cc 


L'^ T[dg -\- z V) 


(A.24) 


We see that here, diherently from the holographic entanglement entropy, the coefficient does in 
fact depend on the Lifshiz exponent z. 


B Explicit expressions for (f2i and a2i for i = 1 , 2,3 

In this appendix we will present the explicit form of the coefficients (p 2 i for the hrst few orders. To 
proceed let us start with the following series Ansatz for 93 


(p(h) = n + ip2h^ + + (peh® + 


(B.l) 


Plugging this series in the equation of motion of (p one arrives at the equation (2.10) which can be 
solved order by order. Doing so one hnds 


<P2 


^6 


n cot D n cot f2[(—2n -|- {dg — l)^)n cot^ D -|- (dg — 1)^(6 — 2dg -|- n)] 

2{de-iy ^ 8(d0-3)(d0-l)3 

8{de + 2)n‘^-22{de-lfn+{Ue-7){de-lf 3 

A8{dg-h){dg-?>){dg-lf 

2(de(de + 3)-2O)n-(3d0-13)(d0-l)2-lln2 3 3 ^ 

24(d,-5)(d,-3)(de-l)3 


(2dg — n — 6 ) ( 4(^61 — n — 20 ) 
48(d,-5)(d,-3)(d,-l) 


(B.2) 
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It is clear from these expressions that the solution breaks down for = 2fc + 1, fc = 0,1, ■ ■ ■. In 
this case one needs to modify the Anstatz by adding a logarithmic term. For example for de = 3, 
using the Ansatz 


one 


find^ 


ip{h) = ( c + ^ logh^ ] + 0{h^), 


Ti Tl^ 

</92 = — — cot n, =- - (n — 4 + 77, COS 211) cot H csc^ H, 

4 64 


where c remains unfixed. Similarly for dg = 5 for the Ansatz 


(B.3) 

(B.4) 


ip{h) = 11 + ip 2 h‘^ + + (peh^ ( c + ^ log ) + 0{h^) 


(B.5) 


one arrives at 


77/ 77/ 

P 2 = -cot H, +4 =-[(n — 8)n cot^ H — 8(n — 4)] cot H, 

8 512 


+6 = 


(n — 4)(7n — 16) n cot^ H — 4(n(lln — 40) + 32) cot^ H + 32(n — 4) 2 


12288 


n^cotH, (B.6) 


with unspecified c. 

Having found the coefficients +27 it is straightforward to find the coefficients a 2 i appearing in 


the equation (2.12). The results are 


ao = sin”ll, 02 = + 2 ( 2+2 + cot H) sin"" H (B-7) 

04 = -[n ( 2+2 + +4) sin 211 — +2 sin^ H (+2 (4+2 + n — 4) — I6+4) + + 2(77 — 1)77 cos^ H] sin””^!!. 

Note that for the particular values oi dg = 1,3 one needs to use the proper results of + 2 * given in 
this appendix. 
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